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INTRODUCTION

First, fuzzy set had been introduced by Zadeh [18]. Succeeding years, fuzzy set was grown
in different ways. The following are extension of fuzzy set, they are vague set, intuitionistic
fuzzy set, bipolar valued fuzzy set and etc. In 1975, fuzzy graph was introduced by Rosenfeld
[12], with modification of fuzzy graph was introduced by K.Arjunan and C.Subramani[2] and
it was extended to many area. In similar way, [3], [4], [5], [6], [7], [8], [9], [10], [11], [13],
[14],[15], [16] and [17] were useful to write this paper. K.Arjunan et all.[1] have given an idea
about the fuzzy number graceful labeling graph. In this paper, graceful labeling is generalized,
particularly intuitionistic fuzzy number graceful labeling, the triangular intuitionistic fuzzy
number is used in this paper but we have different types of intuitionistic fuzzy number.

1. PRELIMINARIES

Definition 1.1. [18] A fuzzy set N on the given universal set Q is a set of ordered pairs N =
{(x, Fm(x)): x €Q}, where Fn: Q — [0,1], 1s called membership function.

Definition 1.2. [18] The k — cut of a fuzzy set N, is defined by NL = {z: Fin(z) > k}, where
kelo, 1],

Definition 1.3. [18] Let @, ® be two fuzzy subsets of a set G. The following relations and
operations are defined as:

(1) @ < O means D(t) < O(t), for all teG.
(i1)) @ = O means D(t) = O(t), for all teG.
(i) O(t) = 1— D(t), for all teG.

(iv) ©NO = {({t, min(D(t), O(t)) ) / teG}.
(v) ®UO = {{t, max(D(t), O(t))) / teG}.
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Definition 1.4. [2] Let ® be a FS in a set G. The strongest fuzzy relation ¥ is an ordered pair
Y = {{(c1, di1), ¥(c1, d1)) / c1, dieG} on G which is a fuzzy relation on ® and is defined by
Y(c1, di) = min{d(c1), ®(d1)} for all ¢1, di1€G.

Definition 1.5. [2] Let S be any nonempty set and L be any set with a function
3: L—>SxS. Then @ is a ¢S of S, Ris a fuzzy relation on S with respect to ® and ® is a S

of L such that®(e) <R ()C, y) Then the ordered triple Q = (@, ©, 3J) is called a fuzzy graph
ee3 ()

(rFG), here the elements of ® are fuzzy points or fuzzy vertices (V) and the elements of ®

are fuzzy lines or fuzzy edges (rE) of the rG Q. Let 3(a) = (c1, d1). Then (c1, @(c1)), (di, D(d1))

are adjacent rVs and (c1, @(c1)), rE (a, ®(a)) are incident with each other. Let two distinct rEs

(a1, O(a1)) and (a2, O(az)) are incident with a common rV. They are called adjacent rEs. Let ®”

= {weS/d(w) >0} and ® = {ceL / O(c) > 0. Then Q" = (®", ®", J) is a crisp graph.

Definition 1.6. [1] A fuzzy number graceful labeling(,inGfL) of a ¥G Q = (P, 0, J) having q
rEs is an injective mapping € : ®(Q) — {0, 1, 2, ..., §} such that when each rE {¢ is assigned
the label | 2(¢) —2(¢) |, the resulting rE labels are distinct. A fuzzy number graceful
graph(rnGfG) is one which admits a pnGTL.

2. INTUITIONISTIC FUZZY GRAPH

Definition 2.1. [3] Let V be any nonempty set, E be any set and f: E—VxV be any function.
Then A is an ¢S of V, S is an r relation on V with respect to A and B is an ¢S of E such that

us(e) < :us(xﬂy) and yg(e) > 4 s(XJ’) . Then the ordered triple F = (A, B, f) is called an
e/ (x.y) eef ™ (x.y)

intuitionistic fuzzy graph(irG), where the elements of A are called intuitionistic fuzzy points
or intuitionistic fuzzy vertices(1rVs) and the elements of B are called intuitionistic fuzzy
lines or intuitionistic fuzzy edges(irEs) of the rG F. If f(e) = (X, y), then the Vs (x, pa(x),
Ya(X)); (¥, na(y), va(y)) are called adjacent 1rVs and Vs (x, pa(x), ya(x)), rE (e, ps(e), ya(e))
are called incident with each other. If two distinct irEs (e1, us(e1), ys(e1)) and (e2, ps(e2), ys(e2))
are incident with a common [V, then they are called adjacent irEs.

Definition 2.2. [3] An ¥E joining an ¢V to itself is called an intuitionistic fuzzy loop(irL).

Definition 2.3. [3] Let F = (A, B, f) be an rG. If two or more rEs of F have the same rVs,
then these rEs are called intuitionistic fuzzy multiple edges(irMEs). An rG which has rfMEs
are called an intuitionistic fuzzy multigraph(irMG).

Definition 2.4. [3] Let F = (A, B, f) be an ¢G. If both rLs and rMEs, then the G F is called
an intuitionistic fuzzy pseudo graph(irPG).

Definition 2.5. [3] An rG F = (A, B, f) is called an intuitionistic fuzzy simple graph(irSG)
if it has neither ;rMEs nor irLs.

Example 2.6. Let V = {vi, v2, v3, v4, vs } and E = {a, b, ¢, d, e, h, g} be two non-empty sets.
The function f: E — VxV is defined by f(a) = (vi1, v2), f(b) = (v2, v2), f(c) = (v2, v3), f(d) = (v3,
va), f(e) = (v3, va), f(h) = (v4, vs), f(g) = (v1, vs). An rS A = { (v1, 0.8, 0.1), (v2, 0.7, 0.2), (v3,
0.8,0.2), (v4,0.9,0.1), (vs5,0.5,0.2) } of V, 1rR S = {((v1, v1), 0.8, 0.1), ((v1, v2), 0.7, 0.2), ((v1,
v3), 0.8,0.2), ((v1, v4), 0.8, 0.1), ((v1, v5), 0.5, 0.2), ((v2, V1), 0.7, 0.2), ((v2, v2), 0.7, 0.2), ((v2,
v3), 0.7, 0.2), ((v2, va), 0.7, 0.2), ((v2, v5), 0.5, 0.2), ((v3, v1), 0.8, 0.2), (v3, v2), 0.7, 0.2), ((v3,
v3), 0.8, 0.2), ((v3, va), 0.8, 0.2), ((v3, vs), 0.5, 0.2), ((vs, v1), 0.8, 0.1), ((v4, v2), 0.7, 0.2), ((v4,
v3), 0.8, 0.2), ((vs, va), 0.9, 0.1), ((vs, vs), 0.5, 0.2), ((vs, V1), 0.5, 0.2), ((vs, v2), 0.5, 0.2), ((vs,
v3), 0.5, 0.2), ((vs, v4), 0.5, 0.2), ((vs, v5), 0.5, 0.2)} on V with respect to A and the 1S B = {(a,
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0.7, 0.2), (b, 0.6, 0.2), (c, 0.6, 0.3), (d, 0.7, 0.2), (e, 0.8, 0.2), (h, 0.4, 0.3), (g, 0.3, 0.2)} of E.
Then F = (A, B, f) is an 1rG.

(v1,0.8,0.1)

(g, 0.3,0.2) (a,0.7,0.2) (b, 0.6,0.2)
0.7,0.2
(v, 0.5,0.2) @
(h, 0.4,0.3) (d.0.7.02) (c, 0.6, 0.3)
S
(V4, 09, 01) (e’ 08, 02) (V}., 08, 02)
Fig. 2.1

Definition 2.7. [3] An G H = (C, D, f) where C and D is called an intuitionistic fuzzy
subgraph(irSubG) of F = (A, B, f) if Cc A and D ¢ B.

Definition 2.8. [3] An rSubG H = (C, D, f) is said to be an intuitionistic fuzzy spanning
subgraph(1rFSSubG) of F = (A, B, f) if C = A.

Definition 2.9. [3] An SubG H = (C, D, f) is said to be an intuitionistic fuzzy induced
subgraph(irISubG) of F = (A, B, f) if H is the maximal rSubG of F with ¢V set C.

Definition 2.10. [3] Let F = (A, B, f) be an rG with respect to the sets V and E. Let C be an
rS of V and C < A. Then S D of E is defined as pp(e) = min{uc(u), pc(v), us(e)}, yp(e) =
max {yc(u), yc(v), ys(e)}for all e in E. Then H = (C, D, f) is called intuitionistic fuzzy partial
subgraph(irPSubG) of F.

Definition 2.11. [3] Let F = (A, B, f) be an 1rG. Let (x, pa(x), ya(x)) be an [V of F. The rSubG
of F obtained by removing the ¥V (X, pa(x), ya(x)) and all the rEs incident with (x, pa(x),
va(x)) is called the irFSubG obtained by the removal of the rV (x, pa(x), ya(x)) and is denoted
F— (x, pa(x), ya(0). I F= (x, pa(x), a(x)) = (C, D, ) then C = A — {(x, pa(x), ya(x)) } and D
={ (e, us(e), y(e))/ (e, us(e), y(e)) € B and ( x, pa(x), ya(x) ) is not incident with (e, us(e),
vs(e)) }. Clearly F— (x, pa(x), ya(x)) is intuitionistic fuzzy induced subgraph of F. If (e, ug(e),
ve(e))e B then F — (e, us(e), ys(e)) = (A, D, ) is called irSubG of F obtained by the removal of
the vE (e, us(e), y(e)), where D = B —{(e,un(e),ys(e)) }. Clearly F — (e, un(e), y(e)) is an
rSSubG of F which contains all the lines of F except (e, us(e), ys(e)).

Definition 2.12. [3] From an rG F, delete the all 1rLs and delete the more than one rEs from
the rFMEs, this type of graph is called an intuitionistic fuzzy underling simple graph(IFUSG)
of F.

Definition 2.13. [3] Let F = (A, B, f) be an rG. Then the degree of an intuitionistic fuzzy
vertex is defined by d(v) = (du(v), dy(v)) where du(v) = Z Hg(e) +2 Z Hy(e) and dy(v) =

eef’l(u,v) eef’](v,v)
D@2 Dyye).

eeffl(u,v) eef"l(v,v)
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Definition 2.14. [3] The minimum degree of the rG F = (A, B, f) is o(F) = (du(F), 04(F)) where
Ou(F) = min {dw(v) / veV} and 6y(F) = min{ dy(v) / veV} and the maximum degree of F is
A(F) = (Au(F), Ay(F)) where Ay(F) = max{ du(v) / veV } and A,(F) = max{ dy(v) / veV}.
Definition 2.15. [3] Let F = (A, B, ) be an rG. Then the order of intuitionistic fuzzy graph
F is defined to be o(F) = (0u(F), 0,(F)) where ou(F) = > s,(v) and o,(F)= > 7, (v).

veV veV
Definition 2.16. [3] Let F = (A, B, f) be an rG. Then the size of the intuitionistic fuzzy graph
F is defined to be S(F) = (Su(F), Sy(F)), where Su(F) = > u,(e) and Sy(F)= > y;(e).

e/ (u,v) ecf ™ (u,v)
Example 2.17
(b, 0.6, 0.2)

(a,0.7,0.2)
(u,0.8,0.1) (v,0.7,0.2)
(f,0.5,0.1) 0.6, 0.3

(e.0.7,0.2) (¢, 0.6,0.3)

(w, 0.9,0.1) (d, 0.8,0.2) (x,0.8,0.2)
Fig. 2.2. vG F

Here d(u) = (1.2, 0.3), d(v) =(2.5,0.9), d(w) = (2, 0.5), d(x) = (2.1, 0.7), 8(F) = (1.2, 0.3), A(F)
=(2.5,0.9), o(F) = (3.2, 0.6), S(F) = (3.9, 1.2).

Definition 2.18. [3] An intuitionistic fuzzy path(irPa) in an rG F = (A, B, f) is an alternating
sequence of rVs and 1rEs (vo, pa(vo), Ya(vo)),(e1, us(e1), ya(e1)),(vi, pa(vi), ya(vi)), (€2, us(e2),
ve(€2)), (v2, na(v2), YA(V2)),...,(Vn-1, HA(Vn-1), YA(Vn-1)), (€n, UB(En), YB(En)), (Vn, Ha(Vn), YA(Vh))
such that B(ei) = (us(ei), ys(ei)) > 0,1 = 1,2,...,n and all the Vs are distinct. Here n is called

the length of the rPa. The strength of the rPa P is defined asﬂB(el.). In other words the
i=1

strength of P is defined to be the weight of the weakest 1rE of the rPa. A single irV v may also

be considered as an rPa. In this case, the rPa is of length 0. If an 1rPa has length 0, its strength

is A(v).

Definition 2.19. [3] An rPa F = (A, B, f) is intuitionistic fuzzy connected graph(irConG) if
any two Vs are joined by an rPa.

Definition 2.20. [3] Let F = (A, B, f) be an 1rG. Then F is an intuitionistic fuzzy irregular(irIR)
if there 1s an rV which is adjacent to rVs with distinct degrees.

Definition 2.21. [5] A intuitionistic fuzzy subset N = {(2, Da'(2), Pa(2)): 2€R} is called
generalized intuitionistic fuzzy number if

(i) Bs" is a continuous mapping from R to the closed interval [0, 1],
(i) P =0,—0<e2<s,

(iii) Ba" = T'(2) is strictly increasing on [s1, s2],
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(iv) Di"=U"p, s2<2<s3,

(v) Bi" = R'(2) is strictly decreasing on [s3, $4],

(vi)Pi" =0, s4<2 <00,

(vii) Ba~ is a continuous mapping from R to the closed interval [0, 1],

(viii)) P~ =1, —0o <2 <o,

(ix) Bs~ = T (e) is strictly decreasing on [so, $2],

x)Pi=UTs, 252 <33,

(xi) Pi~ = R7(?) is strictly increasing on [s3, Ss],

xi) Pi=1,85<2< o,

where 0 < Us™+ U5 <1 and o, S1, 52, 3, 54, Ss€R, 50 <51 < 52 < $3 < 54 < 85. It is denoted as N
= (30, 81, %2, 83, 84, 853 U™, Us )Lr, if Us™ = 1, Us™ = 0, then N = (50, 1, 82, 83, 34, $5)TR:
Definition 2.22. [5] The intuitionistic fuzzy number N = {(2, Ds*(2), Di(2)): 2€R}= ((& 1, &2,
&E3), (Eo, E2, £4))1s called a triangular intuitionistic fuzzy number(Tin) if

x—¢
XTe gcxce
52_51 1 ’
i_ ) &—x
Dﬁ = aé: ngé:
53_52 ’ ’
0,otherwise
and
S —X
G Sx< &
52_50 ’ ’
- | x=¢£
Dﬁ = - 9§ stf
6‘54_952 ’ !
1, otherwise

Definition 2.23. [5] The collection S={ 0, 1, 2, . .. } of triangular intuitionistic fuzzy numbers
is called non-negative triangular intuitionistic fuzzy numbers if 3 = ((a1,a,a3), (ao,a,a4)), €S,
ao > 0. For example 1 = ((0.7,1,2), (0.4,1,2.5)) and 2 = ((1.1,2,3), (1,2,3.2)).

Definition 2.24. [5] Intuitionistic fuzzy arithmetical operations are defined for addition,
subtraction, multiplication and division of triangular intuitionistic fuzzy numbers.

Let N=((6,,6,,6:):(50,62,6) and U= ((£1, &2, £3), (E0, £2, £4)) be two Tiens. Then (i)
the addition of Nand U is N+U = ((g,+ &1, 6, +E2, 637 E3), (§oF 0,6, T E2, G4+ E4)),

(ii) The multiplication of N and U is NxU = (¢, &1,6, &2, 63 £3), (6 £0.6, £2, 64 £4)),

where 6,6, 6, 63,64, £0,E 1, E2, £3, E4 are all non zero positive real numbers,
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(iii) -0 = ((- Ez,—E2—E1), (—&41,—E2,—E0)), the subtraction of U from Nis N — U = (( S
—&3,6,7 &2, 6,- &), (6~ §4, 6,— &2, 64— £0)),

iv) L0 =L L Ly and the division of N and U is
U S A PR S

N S1 G2 634 (S0 52 G4 ..

—=((2,22,23),(22,22 24)) where &0, &1, E2, &3, E 4 are all non zero positive real

U §3 §2 é.l:l 54 52 é:O

numbers,

(v) For any real number K,
KN = ((KgH nga Kg3 )a(f(go, nga K§4)) if K>0
IV(N: ((KgS H ngv Kgl):(f(g49 ng, Kgo)) 1fK< O

Definition 2.25. [5] (i). Intuitionistic defuzzification of triangular intuitionistic fuzzy numbers
N = ((a1, a2, a3), (a0, a2, a4)) can be done by the signed distance(SD). It is defined as

. E
d(N,0)=S(N)= ZJ.[al +l(a, —a) +a;-1(a; - a,) +a, = (1=-1)a, - ay) + a, + (1= 1)(a, —a,)]dI
0
_a,+2a,+a,+a,+2a,+a, a +4a,+a,+a,+a,
8 8 '
(ii). Total Integral Value Method (TIVM) of N is defined as

TI(N) = Ial +l(a,—a)+a,—l(ay—a,)+a,—(1-1)a,—a,)+a,+(1-1)(a, —a,)]d]

N | —

_a +2a,+ay,+a,+2a,+a, a +4a,+a,+a,+a,
4 4
(iii). The ranking Method (RM) of N is defined as

o ay—a 1
R(N)zg—.l.[al+l(a2—al)+a3—Z(a3—a2)+a2—(l—l)(az—a0)+a2+(1—l)(a4—a2)]dl
a,—a, 43,
_ay—a, a,+2a,+ay,+a,+2a,+a, a,—a, a+4a,+a,+a,+a,

a,—a, 8 a,—a, 8

Definition 2.26. [5] The intuitionistic fuzzy number N = {(2, Ds'(2), i (2)): 2R} = (&1, &
2, £3, £4), (o, £2,E3, £5)) 1s called a trapezoidal intuitionistic fuzzy number (TZen ) if

x=4 <y <
52_681,51 _x_é

1752 ngg?a

il é’—x
.6 sx<d,

664_53

0, otherwise

and
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S~

G SX<g
& - ;’o T

P, = Oa§2§SXS§3

X6

& SXSE
685_53 ’ i
1,otherwise

Definition 2.27. [5] Intuitionistic fuzzy arithmetical operations are defined for addition,
subtraction, multiplication and division of trapezoidal intuitionistic fuzzy numbers.

LetN:((g17G29GS7g4)7(g09g23g39g5))andtj:((fla 527 §3a 54)7(503 §2a 9‘53,55))betwo
TZirns. Then

(i) the addition of Nand Uis N+ U = (g, + &1, 6, T E2, 63+ E3, 64+ E4), (GoTE0, 6, E2,
63+ &3, 65+ &),

(ii) The multiplication of N-and U is NxU = ((g, &1, 6, £2, 63 E3» 64 E4), (60 E0, 62 E2, 65

&3, 65 E5)), where 64,61, 65, 63, 645 G5, E0, E1, E2, £3, &4, &5 are all non zero positive
real numbers,

(i) ~U = (= &4, = &3, —E2, = &), (= Es, —E3, —E2, —E0)), the subtraction of U from N is
N_Ij:((gl_ 4, 6,83, 63— &2, 64— §1), (6= &5, 6,— &3, 63— &2, 65— £0))s
1 1.1 1 11 - .

(iv) %— —(((5—4 5—3 S s and the division of N and 0 s

N_ 6 6 6 Sy (S 6 6 S5
—=((= 24, (22 22)) where £o,&1,82,E3,84,& 5 are all non zero positive
U 54 53 52 é:l (585 §3 52 50

real numbers,

(v) For any real number K,
KN=((Kg¢,,Kg,,Kg,;,Kg,),(Kg,,Kg,,Kg;,Kgs)) if K>0
KN =((K¢,.Kg;,Kg,,Kg)),(Kg;.Kg;, Kg,, Kg,)) if K <0.

Definition 2.28. (i). Intuitionistic defuzzification of trapezoidal intuitionistic fuzzy numberN
= ((a1, a2, a3, a4), (a0, a2, a3, as)) can be done by the signed distance(SD). It is defined as

d(N,0)=S(N)=— Jal+l(a2 a)+a,~l(a,—a,)+a,—(1-1)a,—a,)+a, +(1-1)a, —a,))dl
0
_a ta,‘ay,+a,+a,+a,tay+a;  ay+a +2a,+2a,+a,+a

8 8
(ii). TIVM of N is defined as

TI(N) :%J.[a1 +l(a,—a)+a,—l(a,—ay)+a,—(1-1)(a, —a,)+a, +(1-1)(a; —a;)]d!

_ata +2a, +2a,+a, +a
2 .
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3. INTUITIONISTIC FUZZY NUMBER LABELING GRAPH

Definition 3.1. An intuitionistic fuzzy number graceful labeling(irnGfL) of a rG Q = (P, 0, )
having q ¥Es is an injective mapping 8 : ®(Q) — {0, 1,2, ... ,3} such that when each rE{¢
is assigned the label of the difference of £(¢) and £(¢), the resulting 1rE labels are distinct. An
intuitionistic fuzzy number graceful graph(1rnGfG) is one which admits a rnGfL.

Theorem 3.2. Every rPa is a rnGTG.

Proof. Let Wy, be a 1rPa with m 1#Vs. That is Wi, has the number of 1rEs is m-1. Labeling can
begin at either end without loss of generality. The first point at one end is labeled as 0, the

adjacent point is labeled as m — 1 ,the next adjacent, non labeled point is labeled as 1 and we
continue in this manner. Alternate points are incrementally increasing by 1 while the remaining
points are incrementally decreasing by 1. Let s = [?] For cases when m is even, the |rE labels
beginning with the leftmost edge in figure are | (m — 1) — 0|, | (m — 1) — 1|,..., | (i =s) —
s — 1/, all are distinct.

O O O O O OO0 O O O—0
0 m—1 1 m — 2 2 m— 3 s—1 m=s
Fig. 3.1. W, for m is even

For cases when m is odd, the edge labels begining with the leftmost edge in figure are
|(m—=1) =0, | (m—1) — 1J,..., | (M=) — §|, all are distinct.

O O O O O OO0 O O O0—0
0 m-—1 1 m— 2 2 m-—3 s—1 m-—s
Fig. 3.2. Wm for m is odd

Remark 3.3. (i) Every crisp graceful path is a rnGf path graph.
(i1) Every rnGf path graph is a irnGf path graph.
Example 3.4. A triangular intuitionistic fuzzy number path graph(tirnPaG) with 6 and 7 1 Vs.
O O O O O O

(_27_1709172) (2:335:697) (_15071’374) (2a3:435:6) (_150925394) (1,2539455)

Fig. 3.3. A 1irnPaG with 6 Vs

O O O O O O O

('23'1309132) (354963798) ('10915394) (172559657) (091529455) (152945596) (192939455)

Fig. 3.4. A 1ienP2G with 7 1£Vs
Example 3.5. A trapezoidal intuitionistic fuzzy number path graph(tpirnP.G) with 6 and 7 ¢ Vs.
O O O O O O

('3:'2:'1: 1 92:3) (2;3a4:697:8) ('2"1’052’354) (1 a2>3a5>6a7) ('1’05 1 ’354’6) (0’ 1 72’455’6)

Fig. 3.5. A 1pirnP2G with 6 7 Vs
O O O O O O O

('3 7'27' 1 ) l 9293) (3 9495979899) ('29' 1 90929394) (253 54565758) (_1 ’0’ 1 ’3 ’4’5) (1 ’2’3’5’6’7) (OJ 1 323435:6)

Fig. 3.6. A TpirnP.G with 7 rVs
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Example 3.6. A Hexagonal intuitionistic fuzzy number path graph(urnPaG) with 6 and 7 1 Vs.

(1,2,3,4,6,7.8,9)  (0,1,2,3,5,6,7,8) (-1,0,1,2,4,5,6,7)
O O O O O O

(-49-35-27-1)172)374) (-37-27-17(),273,475) (-35_25-15071537455)

Fig. 3.7. A uirnPaG with 6 FVs

(23394’5)778)9’10) (172339436973899) (031’2)375)677)8)
O O O O O O O

(-49-35-27-1)172)354) (-37-27-17(),273’475) ('33'29'19071937495) (- 1 ,0, 1 ,2,4,5,6,7)

Fig. 3.8. A uienP.G with 7 [rVs
Proposition 3.7. rFComG K2 is a enGf complete graph.
Proof. From the 1rG K2 is irnGf complete graph.

O Q
0 1
Fig. 3.9
Example 3.8. 1ienG complete graph Ko.
S O

(-2,-1,0,1,2) (-3,-1,1,3,5) (-1,0,1,2,3)

Fig. 3.10
Example 3.9.Trapezoidal irnG complete graph Ko.

(-3,-3,-1,3,5,7)
O O

(-3,-2,-1,1,2,3) (-2,-1,0,2,3,4)

Fig. 3.11
Example 3.10. Hexagonal rnG complete graph Ko.

(_79_59_39'1:3a5:7a9)
S O

(-4,-3,-2,-1,1,2,3,4) (-3,-2,-1,0,2,3,4,5)

Fig. 3.12
Proposition 3.11. rComG K3 is a irnGf complete graph.
Proof. From the rG, K3 is irnGf complete graph.
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Example 3.12. tirnGf complete graph K.

('131933597)
('23'1309132) (1,2,3,4,5)

(-33'1319335) ('290729476)
(-1,0,1,2,3)

Fig. 3.14
Example 3.13. Trapezoidal irnGf complete graph Ks.

(-3,-1,1,5,7,9)

(0,1,2,4,5,6)

(-3,-2,-1,1,2,3)

(-5,-3,-1,3,5,7) (-4,-2,0,4,6,8)

(_27_ 1 705273 ’4)

Fig. 3.15
Example 3.14. Hexagonal rnGf complete graph Ks.

(-5,-3,-1,1,5,7,9,11)

(-4,3,2,-1,1,2,3,4) (-1.0,1,24.5.6,7)

(-7,-5,-3,1,3,5,7,9) (-6,-4,-2,0,4,6,8,10)

(-3,-2,-1,0,2,3,4,5)

Fig. 3.16
Proposition 3.15. rComG K4 is NGt complete graph.
Proof. From the 1rG, K4 1s a irenGf complete graph.

0 4

1

Fig. 3.17
Example 3.16. 1irnGf complete graph Ka.
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(0,2,4,6,8)
(-270’25 ¢

(293’4)5’6)

(-2,-1,0,1,2)

('37-1719375) (-1,1,3,5,7)

(_15071a273)

Fig. 3.18
Example 3.17. Trapezoidal rnGf complete graph Ka.

(-2,0,2,6,8,10)
0268,10.12) (4 2045

(1,2,3,5,6,7)

(-3,-2,-1,1,2,3)

(-3,-1,1,5,7,9)
(-5,-3,-1,3,5,7)

(_25_ 1 50725374)

Fig. 3.19
Example 3.18. Hexagonal rnGf complete graph K.

(_49_290:296,8,10,12)

(0,1,2,3,5,6,7,8)

(_43_33_23_17 1 )27354)
-2,0,2,6,8,10,12,14)

(-3,-3,-1,1,5,7,9,11)

(-7,-5,-3,-1,3,5,7,9) -1,1,3.79,11,13)

(_39_29_ 1 905293 5495)

Fig. 3.20
Proposition 3.19. rComG Ks is a irnGf complete graph.
Proof. From the rG, K5 is irnGf complete graph.
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[

Fig. 3.21
Example 3.20. tirnGf complete graph Ks.

.7.8)
(-2,-1,0,1,2)

(-1,1,3,5,7)

v (8,9,10,11]12)

79) (-3,-1,1,3,5)
4 ) (_1’195577)

(1,3,5

< (1,2,34.5)
(-2,0,2,4,6)
(-1,0,1,2,3)

Fig. 3.22
Example 3.21. Trapezoidal rnGf complete graph Ks.

(34.,5,7,8,9)

(-35-15 1 ’557’9)
(-35'151 55799)

(0,1,2,4,5,6)

(-2,-1,0,2,3,4) (-4,-2,0,4,6,8)

Fig. 3.23
Example 3.22. Hexagonal rnGf complete graph K.
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5,7,8,9,10)
(-5,-3,-1,1,5,7,9,11)

(-4"3 7_191529354)

(-3,-1,1,3,7,9,11N3)

(-1,0,1,2,4,5,6,7)
(-3,-2,-1,0,2,3,4.,5) (-6,-4,-2,0,4,6,8,10)
Fig. 3.24
Remark 3.23. In crisp graph, Ksis not a graceful complete graph.
Proposition 3.24. rConG Ks is a irnGf complete graph.
Proof. From the G, Ks is rnGf complete graph.

—_—

15 1

=
(O8]}

Fig. 3.25
Example 3.25. 1ienGf complete graph K.

(13,14,15,16,17) (-1,1,3,5,7)  (10,11,12,13,14)

(10,12,14,17,19)

('150915293) (_2a0529456) (1,2,3,4,5)

Fig. 3.26
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Example 3.26. Trapezoidal irnGf complete graph Ke.

(12,13,14,16,17,18) (-3,-1,1,5,7,9) (9,10,11,13,14,15)

(9,11,13,17,19,21)
(6,8,10,14 ¥6,18)

(-3)-2)-1)15253)

(_55_35_ 1 5375’7)

(-2,-1,02,3,4) (-4-2,04.6.8) (012.4,5,6)

Fig. 3.27
Example 3.27. Hexagonal irnGf complete graph K.

(-5,-3,-1,1,5,7,9,11)
) (8,9,10,11,13,14,15,16)

(-3,-1,1,3,7,9,11,13)

(11,12,13,14,16,17,18,19

(7,9,11,13,17,19,21,23)

(-7,-5,-3,-1,3,5,7.9

(-3,-2,-1,0,2,3,4,5) (-6,-4,-2,0,4,5,6,8,10) (-1,0,1,2,4,5,6,7)

Fig. 3.28
Remark 3.28. In crisp graph, K¢ is not a graceful complete graph.
Proposition 3.29. rComG K7 is NGt complete graph.
Proof. From the 1rG figure, K7 is rnGf complete graph.
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Example 3.30. tirnGf complete graph K.

(13,14,16,17,18)

(18,19,20,21,22) (0,2,4,7,9)

(15,17,19,22,24)

@,
(_1)07 1 5273)

(-2,0,2,4,6)

(1,2,3,4,5) (0,2,4,6,8) (5,6,7,8,9)

Fig. 3.30
Example 3.31. Trapezoidal irnGf complete graph K.
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(17,18,19,21,22,23) (-:2.0.2,6,8,10) _(13,14,15,17,18,19)

(14,16,18,22,24,26) 40427 IV
(_3’_29'19132’3) o

11,13,15)
(-4’-1’2’6’9’ 12)

@)
0,1,2,4,5,6)(-2,0.2,6,9,11) (4,5,6,8,10,11)

Fig. 3.31
Example 3.32. Hexagonal rnGf complete graph K.

(16,17,18,19.21,22,23,04) (4-2.02.68,10.12) 15 13 14 15 17 18.19.20)

(12,14,16,18,22,24,26,28) \w 10717 1/ ,N3,20,22,24)

A1183,15,17)

@)
(7,8,9,11,13,15.16,17)
,19,21)

,11,14,16,18)
(-5,-3,-1,3,7,10,12,14)

Fig. 3.32
Remark 3.33. In crisp graph, K7 is not graceful complete graph.

Proposition 3.34. Every irComG Q = (®, O, 3J) is ienGf complete graph.

Proof. From the generalization of the above proposition, Q is a rnGf complete graph.
Proposition 3.35. rCy Csis enGf cycle graph.

Proof. From the 1¢G figure, Cs is irnGf cycle graph.
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Example 3.36. tirnGf cycle graph Cs.

(-27-171)273)

(-2709275)7)

(-4,-2,0,3,5)

(19293’495) ('130a13233)

(_290329436)

Fig. 3.34
Example 3.37. Trapezoidal irnGf cycle graph Cs.

(-3,-2,-1,1,2,3)

(-3,-1,1,5,7,9) (-5,-3,-1,3,5,7)

(09192943596) (_2’_1’092’394)

(-4,-2,0,4,6,8)

Fig. 3.35
Example 3.38. Hexagonal irnGf cycle graph Cs.

(-4,-3,-2,-1,1,2,3,4)

(-5,-3,-1,1,5,7,9,11) (-7,-5,-3,-1,3,5,7,9)

(-1,0,1,2,4,5,6,7) (-3,-2,-1,0,2,3,4,5)

(_67_47_2705476587 1 0)

Fig. 3.36
Proposition 3.39. zCy Cs1is a irnGf cycle graph.
Proof. From the G figure, Csis a irnGf cycle graph.

Fig. 3.37
Example 3.40. 1irnGf cycle graph Cas.
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(_25072)577)
(152’374)5) (_27_1719293)
('39'1317335) (-1,1,3,6,8)
(0,1,2,3,4) (2,3,4,5,6)
('230923496)
Fig. 3.38

Example 3.41. Trapezoidal irnGf cycle graph Cs

(-3,-1,1,5,7,9)

(0,1,2,4,5,6) (-3,-2,-1,1,2,3)
(_57_37_1735577) (_290’296’8910)
(-1,0,1,3,4,5) (1,2,3,5,6,7)

(-4,-2,0,4,6,8)

Fig. 3.39
Example 3.42. Hexagonal rnGf cycle graph Ca.

(-5,-3,-1,1,5,7,9,11)

(-1,0,1,2,4,5,6,7) (-4,-3,-2,-1,1,2,3.4)
(-7,-5,-3,-1,3,5,7,9) (-4,-2,0,2,6,8,10,12)
(-2,-1,0,1,3,4,5,6) (0,1,2,3,5,6,7.,8)
(-6.-4.-2.0.4.6.8.10)
Fig. 3.40
CONCLUSION

Intuitionistic fuzzy number graceful labeling is one of the main branch in intuitionistic fuzzy
graph. Here different types of graceful labeling definition is given, and some theorems are
stated and proved. Using the above definitions and theorems, we can find more results. It can
be extended into different types of intuitionistic fuzzy number graceful labeling.

REFERENCES

[1] Arjunan, K., Anitha, M.S. and Marichamy, A., “Fuzzy Number Graceful Labeling of
Fuzzy Graphs”, International Journal of Mathematical Archive, (2024), 1-8.

[2] Arjunan, K. and Subramani, C., “Notes on Fuzzy Graph”, International Journal of
Emerging Technology and Advanced Engineering, Vol. 5, Iss. 3 (2015), 425-432.

VOLUME 12, ISSUE 11, 2025 PAGE NO: 336



GIS SCIENCE JOURNAL ISSN NO : 1869-9391
19

[3] Arjunan, K. and Subramani, C., “Notes on Intuitionistic Fuzzy Graphs”, Shanlax
International Journal of Arts, Science and Humanities, Vol. 5 (2017), 35-46.

[4] Atanassov, K.T., “Intuitionistic Fuzzy Sets,” Fuzzy Sets and Systems, 20(1), 87-96 (1986).

[5] Bharati, S. K., “Ranking Method of Intuitionistic Fuzzy Numbers”, Global Journal of Pure
and Applied Mathematics, ISSN 0973-1768, Vol. 13, No. 9 (2017), 4595-4608.

[6] Kaneria, V.J., Makadia, HM. and Meera Meghapara, “Some Graceful Graphs”,
International Journal of Mathematics and Soft Computing, Vol. 4, No. 2 (2014), 165-172.

[7] Marichamy, A., Arjunan, K. and Muruganantha Prasad, K.L., “Multi Fuzzy Irregular
Graph”, Infokara Research, 8 (2019), 636-649.

[8] Marichamy, A., Arjunan, K. and Muruganantha Prasad, K.L., “Notes on Intuitionistic
Multi Fuzzy Graph”, International Journal of Mathematical Archive, 10 (12) (2019), 25-
38.

[9] Marichamy, A., Arjunan, K. and Muruganantha Prasad K.L, “A Study on Multi Fuzzy
Graph”, International Research Journal of Engineering and Technology, 6 (12) (2019),
1880-1893.

[10]Nagoor Gani, A. and Basheer Ahamed, M., “Order and Size in Fuzzy Graphs”, Bulletin of
Pure and Applied Sciences, Vol. 22E (No. 1) (2003), 145-148.

[11]Prema Sumathi, R., Palanivelrajan, M. and Arjunan, K., “Bipolar Valued Fuzzy Graph”,
Journal of Shanghai Jiaotong University, Vol. 16, Iss. 8 (August 2020), 405-413.

[12]Rosenfeld, A., “Fuzzy Graphs” in Zadeh, L.A., Fu, K.S., Shimura, M. (Eds.), “Fuzzy Sets
and their Applications to Cognitive and Decision Process”, Academic Press, New York
(1975), 77-95.

[13]Shan-Huo, C., “Backorder Fuzzy Inventory Model under Function Principle”, Information
Sciences, Vol. 95 (1996), 71-79.

[14]Sunitha, M.S. and Vijayakumar, A., “Complement of a Fuzzy Graph”, Indian Journal of
Pure and Applied Mathematics, 33 (2002), 1451-1464.

[15]Uma, R. and Murugesan, N., “Graceful Labeling of Some Graphs and their Subgraphs”,
Asian Journal of Current Engineering and Maths, 1:6 (2012), 367-370.

[16] Uthayakumar, R. and Karuppasamy, S.K., “A Fuzzy Inventory Model with Lot Size
Dependent Ordering Cost in Healthcare Industries”, Operations Research and
Applications: An International Journal (ORAJ), Vol. 3, No. 1 (2016), 17-29.

[17] Vasudevan, B., Arjunan, K. and Muruganantha Prasad, K.L., “I-fuzzy Spanning
Supergraphs”, Journal of Information and Computational Science, Vol. 9, Iss. 8§ (2019),
372-377.

[18]Zadeh, L.A., “Fuzzy Sets”, Information and Control, 8 (1965), 338-353.

VOLUME 12, ISSUE 11, 2025 PAGE NO: 337





